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GLOBAL WELL-POSEDNESS OF CUBIC FRACTIONAL
SCHRO¨DINGER EQUATIONS IN ONE DIMENSION
Huali Zhang 1 and Shiliang Zhao 2
Abstract. In this paper, we consider the Cauchy’s problem of global existence
and scattering behavior of small, smooth, and localized solutions of cubic fractional
Schro¨dinger equations in one dimension,
iBtu´ p´∆q
α
2 u “ c˚|u|
2u,
where α P p 1
3
, 1q, c˚ P R. Our work is a generalization of the result due to Ionescu and
Pusateri [20], where the case α “ 1
2
was considered. The highlight in this paper is
to give a modified dispersive estimate in weighted Sobolev spaces for cubic fractional
Schro¨dinger equations, which could be used for α P p 1
3
, 1q. Based on this modified
dispersive estimate, we prove the global existence and modified scattering behavior
of solutions combining space-time resonance and bootstrap arguments.
Keywords: fractional Schro¨dinger equations, bootstrap arguement, gloabl exis-
tence, dispersive estimate, space-time resonance.
MSC[2010]: 35A01, 35Q55
1. Introduction and Main results
In this paper we study the Cauchy’s problem of nonlinear fractional Schro¨dinger
equations "
iBtu´ p´∆qα2 u “ c˚|u|2u, pt, xq P R` ˆ R,
u|t“0 “ u0pxq,(1.1)
where u : R` ˆ RÑ C, u0pxq : RÑ C and c˚ P R.
The model (1.1) was shown by Laskin [24] in quantum mechanics. Namely, the quan-
tum mechanics path integral over Brownian trajectories leads to classical Schro¨dinger
equations (α “ 2), and the path integral over Le´vy trajectories leads to fractional
Schro¨dinger equations (1 ă α ă 2).
The Cauchy’s problem for nonlinear classical Schro¨dinger equations has been studied
extensively. For instances, to prove the global existence of Cauchy’s problems for a class
of classical Schro¨dinger equations
(1.2) iBtu´∆u “ |u|p´1u, pp ą 1q,
Date: November 5, 2019.
1Department of Mathematical Sciences, Changsha University of Science and Technology, Changsha
410114, China. Email: huali.zhang@aei.mpg.de
2 School of Mathematical Sciences, Sichuan University, Chengdu 610064, Peoples Republic of China.
Email: zhaoshiliang@scu.edu.cn
1
2 GLOBAL WELL-POSEDNESS OF FRACTIONAL SCHRO¨DINGER EQUATIONS
there are basically two approaches, namely, Strichartz estimates and vector-fields meth-
ods. In the aspect of Strichartz estimates, the dacay estimate of linear part possesses
fundamental importance. For p is large enough, one can use Strichartz estimates to prove
the global existence of small solutions; for small p, the structure of nonlinear terms starts
to play a crucial role. More precisely, two values of p are particularly important–the
Strauss exponent
?
n2`12n`4`n`2
2n
[30] and the short range exponent 1 ` 2
n
. For p is
larger than the Strauss exponent, it has been proved by Strauss [30] that global solutions
exist of (1.2) for small initial data, and furthermore, the solution scatters in a certain
sense. For p ą 1` 2
n
, the solution becomes asymptotically free, and wave operators can
be constructed in general for small data in [8, 27]. But the situation is quite different for
1 ă p ă 1` 2
n
, and we refer the readers to see the interesting work [28, 17] of Ogawa and
Hayashi-Naumkin respectively. Meanwhile, McKean and Shatah in [26] proved the global
existence of solutions to (1.2) by using vector-fields methods. The key in their paper is to
prove global Sobolev inequalities, which is similar to that for the wave equation obtained
in [22] by Klainerman. For p “ 1 ` 2
n
, Germain etc. in [11] proved the global existence
and scattering of small solutions for 2D quadratic Schro¨dinger equations using the idea
of space-time resonance, where the Fourier analysis they developed is essentially a new
point. For other nonlinearities relying on u, u¯,∇u,∇u¯ to (1.2), there are some known
results addressing global existence and asymptotic behavior of solutions. The readers
could see [4, 10, 18, 21, 6, 7, 16, 32, 33] for referring.
However, concerning the Cauchy’s problem of linear fractional Schro¨dinger equations
(1.3) iBtu´ p´∆qα2 u “ F pt, xq, pt, xq P R` ˆ Rn,
the vector-fields method for classical Schro¨dinger equations may not be used directly and
Stricharz estimates are also not apparent. Despite that, there are some key developments
for nonlinear fractional Schro¨dinger equations. For instances, Guo and Huo in [13] showed
that global solutions to (1.1) exist in one dimension for 1 ă α ă 2, where tri-linear es-
timates in Bourgain space played a important role. Later, Guo etc. in [15] proved the
global existence of radial solutions in critical energy spaces to (1.3) (α P p n
n´1 , 1q, n ě 2)
with power-type nonlinearity. Recently, Cho etc. in [5] proved inhomogeneous Strichartz
estimates for (1.3) (n ě 2) in the radial case, and they applied this to establish the global
well-posedness theory for a class of potential nonlinear fractional Schro¨dinger equations.
There are also some other interesting results for nonlinear fractional Schro¨dinger equa-
tions, see references [14, 1, 12] for details.
For Cauchy’s problem (1.1), we are asking for which α we can obtain a global solution
in some Sobolev spaces, given that initial data satisfy smallness conditions. Since the
pointwise decay is just t´
1
2 , it seems that one could only prove almost global existence of
small solutions. Ionescu and Pusateri presented a pioneer work for us in [20]. Establishing
dispersive linear estimates and identifying a suitable nonlinear logarithmic correction,
they proved the global existence and scattering of small, smooth solutions of (1.1) for
α “ 1
2
. However, the long time behavior of solutions to (1.1) is not very clear for
α P p0, 1
2
q Y p1
2
, 1q. In case α P p0, 1
2
q Y p1
2
, 1q, we could not get the conclusion of
global small solutions if we use directly dispersive estimates devised in [20]. Those push
us to establish appropriate dispersive linear estimates to equations (1.1) for general α.
Considering different value of α, the stationary point of phase is different. At the same
time, we also need enough time decay rate in dispersive estimates. Therefore, how to set
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the time decay rate for general α plays a crucial role. Exploring stationary phase methods
deeply, we give a modified dispersive estimate (see Lemma 3.1), which is suitable for all
α P p1
3
, 1q. We then use it to prove the global existence of small solutions for (1.1) by
bootstrap arguments and energy estimates. In this process, the Z norm(the definition of Z
see (1.5)) of middle frequency of solution is the most difficult part (see (5.6) and Lemma
5.5). Considering nonlinear structures of (1.1), we could go through these difficulties
using space-time resonance analysis. Here, the concrete Fourier analysis techniques is a
developing idea of Germain-Mausmoudi-Shatah and Ionescu-Pusateri.
The goal of this paper is to prove the global existence and scattering behavior of
small solutions for cubic fractional Schro¨dinger equations in one dimension for α P p1
3
, 1q.
Our result is as follows.
Theorem 1.1. Let α P p1
3
, 1q and N0 “ 100. For any fixed α, we choose p0 P p0, 11000 s
such that α ď 1
1`2p0 .
Assume 0 ă ε0 ă 1 and u0 P HN0pRq satisfying
(1.4) ||u0||HN0 pRq ` ||x ¨ Bu0||L2pRq ` ||u0||Z ď ε0,
where
(1.5) Z :“  g P H4pRq : ||g||Z “ ||p1` |ξ|q10gˆpξq||L8
ξ
ă 8(.
Then there is a unique global solution u P Cpr0,`8q, HN0pRqq of Cauchy’s problem (1.1).
In addition, let fptq “ eitp´∆q
α
2 uptq. Then there exists a universal positive constant
C such that the following bound
(1.6) sup
tě0
 p1` tq´p0 ||fptq||HN0 pRq ` p1` tq´p0 ||x ¨ Bf ||L2pRq( ď Cε0
hold. Moreover, the solution possesses the scattering behavior: there is p1 ą 0 and w P L8
with the property that
(1.7) sup
tPr0,8q
p1` tqp1 ||p1` |ξ|q10eiHpξ,tqfˆpξ, tq ´ wpξq||L8
ξ
ď Cε0,
where
(1.8) Hpξ, tq :“ c0c˚|ξ|2´α
ż t
0
|fˆpξ, rq|2 dr
r ` 1 , c0 “
2pi
αp1 ´ αq .
Notations: The notation A À B means A ď CB for some universal constant C
independent with A,B. We also denote k` :“ maxt0, ku for integer k.
The plan of this paper is as follows: in Section 2, we prove Theorem 1.1 as a result
of a bootstrap argument based on the local existence and dispersive estimate. In Section
3, we prove the dipersive estimate using stationary-phase method. In Section 4, we
introduce some preliminary estimates. Combining basic energy estimates and space-time
resonance, we conclude the bootstrap argument in Section 5.
2. Proof of Theorem 1.1
We plan to prove Theorem 1.1 using local existence theorem and bootstrap argue-
ments. To begin with, we have
4 GLOBAL WELL-POSEDNESS OF FRACTIONAL SCHRO¨DINGER EQUATIONS
Theorem 2.1. Local well-posedness (1) For given u0 P H4pRq, there exists a constant
T0 ą 0 determined by ||u0||H4pRq and a unique solution u P Cpr´T0, T0s, H4q to Cauchy’s
problem (1.1).
(2) Let N ě 4, u0 P HN pRq, and u P Cpr´T0, T0s, H4q be a solution in (1). Hence,
u P Cpr´T0, T0s, HNq and
(2.1) ||upt2q||HN ´ ||upt1q||HN À
ż t2
t1
||upsq||HN ||upsq||2L8ds
for any t1 ď t2, t1, t2 P r´T0, T0s.
Proof. Using a standard fixed-point theorem in space
X “
#
v P Cr´T, T s, H4pRq : sup
r´T0,T0s
||vptq||H4 ď 3||u0||H4
+
,
then there a unique solution u P Cpr´T0, T0s, H4q to Cauchy’s problem (1.1).
The estimate (2.1) is from
uptq “ eitp´∆q´
α
2
u0 ´ i
ż t
0
eipt´sqp´∆q
´α
2
c˚upsqu¯psqupsqds.

Proposition 2.1. Let N0 “ 100, 0 ă ε0 ă ε1 ă ε
2
3
0 ă 1. Assume u P Cpr0, T s, HN0q
pT ą 0q is a solution for Cauchy’s problem (1.1), and the initial data u0 satisfying
||u0||HN0 pRq ` ||x ¨ Bu0||L2pRq ` ||u0||Z ď ε0.
Let fptq “ eitp´∆q
α
2 uptq, t P r0, T s.
Under assumptions of p0 P p0, 11000 s and
(2.2) sup
tPr0,T s
 p1 ` tq´p0 ||fptq||HN0 pRq ` p1` tq´p0 ||x ¨ Bfptq||L2pRq ` ||fptq||Z( ď ε1,
we could get estimates
(2.3) sup
tPr0,T s
 p1 ` tq´p0 ||fptq||HN0 pRq ` p1` tq´p0 ||x ¨ Bfptq||L2pRq ` ||fptq||Z( À ε0,
and
(2.4)
p1` tqp1 ˇˇˇˇp1 ` |ξ|q10 ´eiHpξ,tqfˆpξ, tq ´ eiHpξ,t0qfˆpξ, t0q¯ ˇˇˇˇL8
ξ
À ε0, @t ě t0, t, t0 P r0, T s.
3. Modified dispersive estimates
In this part, we will prove dispersive estimates using phase decomposition methods,
which is a modified version compared with the dispersive estimate for α “ 1
2
in [20].
Lemma 3.1. Let α P p1
3
, 1q. For @t P R`, we have the dispersive estimate
(3.1) ||eitp´∆q
α
2
f ||L8 À p1` tq´ 12 |||ξ|
2´α
2 fˆpξq||L8
ξ
`p1` tq´p 12`p0qp||f ||H2 ` ||x ¨ Bf ||L2q.
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Proof. Let ϕ : R Ñ r0, 1s be an smooth function supported in r´2, 2s and ϕpxq ” 1 for
x P r´1, 1s. Denote
ϕkpxq :“ ϕp x
2k
q ´ ϕp x
2k´1
q, k P Z, x P R.
In general, we define
ϕ
pmq
k pxq “
"
ϕp x
2k
q ´ ϕp x
2k´1
q if k ě m` 1
ϕp x
2k
q if k “ m,
where m, k P Z,m ď k. To prove Lemma 3.1, we need prove that the estimate
(3.2) ||eitp´∆q
α
2
f ||L8 À 1
hold under assumptions of
(3.3)
ˇˇˇˇ|ξ| 2´α2 fˆpξqˇˇˇˇ
L8
ξ
À p1` tq 12 ,
and
(3.4) ||f ||H2 ` ||x ¨ Bf ||L2 À p1 ` tq 12`p0 .
Write
eitp´∆q
α
2
f “ F´1peit|ξ|α fˆpξqq
“
ż
R
eit|ξ|
α
eixξfˆpξqdξ
“
ÿ
kPZ
ż
R
eit|ξ|
α
eixξfˆpξqϕkpξqdξ.
For low frequency part, it’s not hard to get
ÿ
2kď210p1`tq´p1`2p0q
ˇˇˇ
ˇ
ż
R
eit|ξ|
α
eixξfˆpξqϕkpξqdξ
ˇˇˇ
ˇ
“
ÿ
2kď210p1`tq´p1`2p0q
ˇˇˇ
ˇ
ż
R
eit|ξ|
α
eixξPˆkfpξqdξ
ˇˇˇ
ˇ
À
ÿ
2kď210p1`tq´p1`2p0q
2
k
2 ||Pˆkfpξq||L2
Àp1` tq´p 12`p0q
ÿ
kPZ
||Pˆkfpξq||L2
À1,
where Pˆkfpξq “ fˆpξqϕkpξq. The operator Pk is also called the Littlewood-Paley operator,
and we will use it frequently in the whole paper.
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For high frequency part, we haveÿ
2kě2´10p1`tq
ˇˇ ż
R
eit|ξ|
α
eixξfˆpξqϕkpξqdξ
ˇˇ
À
ÿ
2kě2´10p1`tq
2
k
2 ||Pˆkfpξq||L2
Àp1` tq´ 32
ÿ
kPZ
22k||Pˆkfpξq||L2
À1.
Therefore, it remains to prove
(3.5)
ÿ
210p1`tq´p1`2p0qď2kď2´10p1`tq
ˇˇ ż
R
eipt|ξ|
α`xξqfˆpξqϕkpξqdξ
ˇˇ À 1.
Let Φpξq “ t|ξ|α ` xξ. Then we have
Φ1pξq “ tp αξ|ξ|2´α `
x
t
q,
Φ2pξq “ αpα´ 1qt|ξ|´p2´αq,
and
Φ1pξ0q “ 0 ùñ ξ0 “ α´ 11´α | t
x
| 11´α sgnp t
x
q.
Assume that t ě 1, from (3.4) we obtain
||Pˆkfpξq||L2 ` 2k||BPˆkfpξq||L2 À t 12`p0 .
Therefore, if |x
t
| ď 2´kp1´αq´4 or |x
t
| ě 2´kp1´αq`4, we getÿ
k
ˇˇ ż
R
eipt|ξ|
α`xξqPˆkfpξqdξ
ˇˇ
Àt´1
ÿ
k
2kp1´αq||BPˆkfpξq||L1 ` t´1
ÿ
k
2´kα||Pˆkfpξq||L1
:“I `Π,
where I “ t´1řk 2kp1´αq||BPˆkfpξq||L1 , Π “ t´1řk 2´kα||Pˆkfpξq||L1 .
In fact, we could estimate
I “ t´1
ÿ
k
2kp1´αq||BPˆkfpξq||L1
À t´1
ÿ
kPZ
2kp
1
2
´αq2k||BPˆkfpξq||L2 ,
and
Π “ t´1
ÿ
k
2´kα||Pˆkfpξq||L1
À t´1
ÿ
kPZ
2kp
1
2
´αq||Pˆkfpξq||L2 .
Case 1 : p0 ď α ď 12 , we can get
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I `Π À t´1t 12´α
ÿ
kPZ
p||Pˆkfpξq||L2 ` 2k||BPˆkfpξq||L2q
À t´α`p0
À 1.
Case 2 : 1
2
ă α ď 1
1`2p0 , we have
I `Π À t´1tp´ 12`αqp1`2p0q
ÿ
kPZ
p||Pˆkfpξq||L2 ` 2k||BPˆkfpξq||L2q
À tα´1`2p0α
À 1.
Therefore, it suffices to prove
(3.6)
ˇˇ ż
R
eipt|ξ|
α`xξqfˆpξqϕkpξqdξ
ˇˇ À 1
provided that t ě 1 and 2k P r210p1`tq´p1`2p0q, 2´10p1`tqsŞr2´ 41´α | t
x
| 11´α , 2 41´α | t
x
| 11´α s.
In this situation, we notice that |ξ0| « 2k.
Let l0 denote the smallest integer with the property that 2
2l0 ě t´12kp2´αq and we
have
(3.7)
ˇˇ ż
R
eipt|ξ|
α`xξqfˆpξqϕkpξqdξ
ˇˇ ď k`100ÿ
l“l0
|Jlpξq|,
where
Jlpξq “
ż
R
eiΦpξqPˆkfpξqϕpl0ql pξ ´ ξ0qdξ.
Using (3.4), we obtain
||Pˆkfpξq||L8 À t 12 2´kp1´α2 q
and
||Pˆkfpξq||L2 ` 2k||BPˆkfpξq||L2 À t 12`p0 .
Therefore,
Jl0pξq À 2l0 ||Pˆkfpξq||L8
À t´ 12 2kp1´α2 qt 12 2´kp1´α2 q
À 1.
Moreover, for Φ1pξq ´ Φ1pξ0q “ Φ2pηqpξ ´ ξ0q, η P pξ0, ξq, we get |Φ1pξq| Á |t|2´kp2´αq2l
whenever |ξ| « 2k and |ξ ´ ξ0| « 2l.
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For l ą l0, we integrate Jlpξq by parts
Jlpξq “
ż
R
1
Φ1pξq Pˆkfpξqϕ
pl0q
l pξ ´ ξ0qdeiΦpξq
“
ż
R
Bξ 1
Φ1pξqe
iΦpξqPˆkfpξqϕpl0ql pξ ´ ξ0qdξ
`
ż
R
1
Φ1pξqe
iΦpξqBξPˆkfpξqϕpl0ql pξ ´ ξ0qdξ
`
ż
R
1
Φ1pξqe
iΦpξqPˆkfpξqBξϕpl0ql pξ ´ ξ0qdξ,
and it follows that
|Jlpξq| À 1
t2´kp2´αq2l
´
2´l||Pˆkfpξq1r0,2l`4sp|ξ ´ ξ0|q||L1
ξ
` ||BPˆkfpξq1r0,2l`4sp|ξ ´ ξ0|q||L1
ξ
¯
À t´12kp2´αq2´l
´
||Pˆkfpξq||L8 ` 2 l2 ||BPˆkfpξq||L2
¯
À t´ 12 2kp2´αq´l´kp1´α2 q ` t´ 12 2kp1´αq2´ l2 .
As a result, we have
k`100ÿ
l“l0`1
À t´ 12 2´l02kp1´α2 q ` t´ 12 2´ l02 2kp1´αq
À t´ 12 t 12 2´kp1´α2 q2kp1´α2 q ` t´ 12 2kp1´αqt 14 2´k4 p2´αq
À 1` t´ 14 2kp 12´ 34αq :“ 1` Ξ,
where Ξ :“ t´ 14 2kp 12´ 34αq. Recalling 210p1 ` tq´p1`2p0q ď 2k ď 2´10p1 ` tq, for 1
3
ă α ď
1
1`2p0 we have
Ξ “ t´ 14 2kp 12´ 34αq
À max
!
t
1
4
´ 3
4
α, t´
3
4
p1´αq`2p0p 34α´ 12 q
)
À 1.

4. Preliminaries
In this section, we will introduce some basic estimates and commutator.
Let Pj is the Littlewood-Paley operator and fˆj “ Pˆjf , j P Z. We denote
Ipξ, tq :“
ż
R2
eitΨpξ,η,σqfˆpξ ´ ηqfˆpη ´ σq ˆ¯fpσqdηdσ,
where
Ψpξ, η, σq :“ |ξ|α ´ |ξ ´ η|α ´ |η ´ σ|α ` |σ|α.
Using Littlewood-Paley decomposition, we have Ipξ, tq “ řk1,k2,k3PZ Ik1,k2,k3pξ, tq. Here
(4.1) Ik1,k2,k3pξ, tq “
ż
R2
eitΨpξ,η,σqfˆk1pξ ´ ηqfˆk2pη ´ σq ˆ¯fk3pσqdηdσ.
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Without loss of generality, we assume k1 ď k2 ď k3.
We also introduce the following estimates based on assumption (2.2), which will be
used throughout our paper. In view of assumption (2.2), we could deduce that
(4.2) ||fˆlpsq||L2 À ε12p0m2´N0l
`
,
(4.3) ||Bfˆlpsq||L2 À ε12p0m2´l,
(4.4) ||fˆlpsq||L8 À ε12´10l` ,
for any l P Z and s P r2m ´ 2, 2m`1sŞr0, T s.
Lemma 4.1. [20]. Assume that m P L1pR2q satisfies
||
ż
R2
mpη, σqeixyeiyσ|| ď A,
for some A P p0,8q. Then for any pp, q, rq P tp2, 2,8q, p2,8q, p8, 2, 2qu, we have
(4.5)
ˇˇˇ
ˇ
ż
R2
fˆpηqgˆpσqvˆp´η ´ σqmpη, σqdηdσ
ˇˇˇ
ˇ À A||f ||Lp ||g||Lp ||v||Lp .
Lemma 4.2. Let fptq “ eitp´∆q
α
2 uptq and u is the unique local solution of (1.1). Under
the assumption of Proposition 2.1, for any l P Z and s P r2m´1, 2m`1sŞr0, T s, we have
(4.6) ||Bsfˆlpsq||L2 À ε123p0m2´20l
`
2´m,
and
(4.7) ||Bsfˆlpsq||L8 À ε123p0m2´20l
`
2´
m
2 p2 l2 ` 2´m2 q.
Proof. Firstly, we have Btfˆpξ, tq “ ´ip2piq´2c0Ipξ, tq. We just need prove
(4.8) ||ϕlpξqIpξ, tq||L2
ξ
À ε123p0m2´20l`2´m,
and
(4.9) ||ϕlpξqIpξ, tq||L8
ξ
À ε123p0m2´20l
`
2´
m
2
´
2
l
2 ` 2´m2
¯
.
Using (4.2), for n P Z, we have
(4.10) ||eisp´∆q
α
2
fnpsq||L2x À ε12p0m2´N0n
`
2
n
2 .
Using dispersive estimate in Lemma 3.1, we get
||eisp´∆q
α
2
fnp¨, sq||L8 À ε12´m2 .
On the other hand, we have
||eisp´∆q
α
2
fnp¨, sq||L8 À ||F´1
´
eisp´∆q
α
2
fnp¨, sq
¯
||L1
ξ
À ε12´10l
`
2n.
Therefore
||eisp´∆q
α
2
fnp¨, sq||L8 À ε1mint2´m2 , 2n2´10n`u.(4.11)
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To achieve our goal, we use phase decomposition
||ϕlpξqIpξ, tq||L2
ξ
“ ||ϕlpξq
ÿ
k1,k2,k3PZ
Ik1,k2,k3pξ, tq||L2ξ
À
ÿ
k3ěl´10,k2,k1
ˇˇˇ
ˇ
ż
R2
eisΨpξ,η,σqfˆk1pξ ´ η, sqfˆk2pη ´ σ, sq ˆ¯fk3pη, sqdηdσ
ˇˇˇ
ˇ
L2
ξ
By passing to the physical space and estimating the highest frequency component in L2
and the other two components in L8, we getÿ
k3ěl´10,k2,k1
ˇˇˇ
ˇ
ż
R2
eisΨpξ,η,σqfˆk1pξ ´ η, sqfˆk2pη ´ σ, sq ˆ¯fk3pη, sqdηdσ
ˇˇˇ
ˇ
L2
ξ
À
ÿ
k3ěl´10,k2,k1
ε12
p0m2´N0k
`
3 2
k3
2 ¨ ε1
a
2´
m
2 2k12´10k
`
1 ¨ ε1
a
2´
m
2 2k22´10k
`
2 .
À ε12´m23p0m2´20l` .
Thus, we could conclude the proof of (4.8).
As for estimate (4.9), we will divide it into several cases.
Case 1 : For l ě 0, by passing to the physical space and estimating the two highest
frequency components in L2 and the lowest frequency component in L8, we getÿ
k3ěl´6,k2,k1
ˇˇˇ
ˇϕlpξq
ż
R2
eisΨpξ,η,σqfˆk1pξ ´ η, sqfˆk2pη ´ σ, sq ˆ¯fk3pη, sqdηdσ
ˇˇˇ
ˇ
L8
ξ
À
ÿ
k3ěl´10,k2,k1
ε12
p0m2´N0k
`
3 2
k3
2 ¨ ε12p0m2´N0k
`
2 2
k2
2 ¨ ε12´m2
À ε12´m2 23p0m2´10l
`p2 l2 ` 2´m2 q.
Case 2 : For l ă 0. if k1 ď maxtl,´mu ` 10 or k3 ě m10 , it’s similar with Case 1.
Case 3 : For l ă 0 and maxtl,´mu ` 10 ď k1, k2, k3 ď m10 , therefore |k2 ´ k3| ď 4.
Let χ be a smooth, cut-off function χ : RÑ r0, 1s supported in r´ 11
10
, 11
10
s and equal to 1
in r´ 9
10
, 9
10
s. We define
J1 “
ż
R2
χp η
σ
qeisΨpξ,η,σqfˆk1pξ ´ η, sqfˆk2pη ´ σ, sq ˆ¯fk3 pη, sqdηdσ,
J1 “
ż
R2
´
1´ χp η
σ
q
¯
eisΨpξ,η,σqfˆk1pξ ´ η, sqfˆk2pη ´ σ, sq ˆ¯fk3 pη, sqdηdσ.
To estimate J1 we integrate by parts in σ. Recall the definition of Ψpξ, η, σq, which shows
that
|BσΨpξ, η, σq| À 2pα´1qk2 .
Integrating J1 by parts in σ, we get
|J1| À J11 ` J12 ` J13,
where
J11 :“
ż
R2
1
2m2pα´1qk2
ˇˇˇ
fˆk1pξ ´ η, sq
ˇˇˇ
2´k2
ˇˇˇ
fˆk2pη ´ σ, sq ˆ¯fk3pσ, sq
ˇˇˇ
dηdσ,
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J12 :“
ż
R2
1
2m2pα´1qk2
ˇˇˇ
fˆk1pξ ´ η, sq
ˇˇˇ ˇˇˇ
Bfˆk2pη ´ σ, sq
ˇˇˇ ˇˇˇ
ˆ¯fk3pσ, sq
ˇˇˇ
dηdσ,
J13 :“
ż
R2
1
2m2pα´1qk2
ˇˇˇ
fˆk1pξ ´ η, sq
ˇˇˇ ˇˇˇ
fˆk2pη ´ σ, sq
ˇˇˇ ˇˇˇ
B ˆ¯fk3pσ, sq
ˇˇˇ
dηdσ.
Using (4.2),(4.3),(4.4), we deduce that
J11 À 2´m2p1´αqk22´k2ε31min
 
2´10pk
`
1
`k`
2
`k`
3
q2k1`k2`k3 ¨ 2k2`k3 ,
2´10k
`
1 2k1 ¨ 2p0m2´N0pk`2 `k`3 q2 k2`k32 (
À ε12´m22p0m
À ε12´m22p0m2´20l`
´
2
l
2 ` 2´m2
¯
,
J12 À 2´m2p1´αqk2ε31min
 
2´10pk
`
1
`k`
3
q2k1`k3 ¨ 2p0m2´k2 ¨ 2k2`k3 ,
2p0m2´N0pk
`
1
`k`
3
q2
k1`k3
2 ¨ 2p0m2´k2(
À ε12´m22p0m
À ε12´m22p0m2´20l`
´
2
l
2 ` 2´m2
¯
,
J12 À 2´m2p1´αqk2ε31min
 
2´10pk
`
1
`k`
2
q2k1`k3 ¨ 2p0m2´k3 ¨ 2k2`k3 ,
2p0m2´N0pk
`
1
`k`
2
q2
k1`k2
2 ¨ 2p0m2´k3(
À ε12´m22p0m
À ε12´m22p0m2´20l`
´
2
l
2 ` 2´m2
¯
,
Thus, we finish the proof of this Lemma. 
Lemma 4.3. Let 0 ă α ď 2 and S “ αtBt ` xBx be the scaling vector field and we have
rS, iBt ´ p´∆qα2 s “ ´αipiBt ´ p´∆qα2 q.
Here rA,Bs :“ AB ´BA.
Proof. It is easy to check
rS, iBts “ ´αiBt,
and for any smooth g with compact support,
prxBx, p´∆qα2 sgqˆ“ pxBxp´∆qα2 gqˆ´ pp´∆qα2 xBxgqˆ
“ Bξpξ|ξ|αgˆq ´ |ξ|αBξpξgˆq
“ `Bξpξ|ξ|αq ´ |ξ|α˘gˆ
“ α|ξ|αgˆ.
As a result, we get rS, iBt ´ p´∆qα2 s “ ´αipiBt ´ p´∆qα2 q. 
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5. Proof of Propositon 2.1
In this section, we will give the proof of Propositon 2.1 combining basic energy
estimates and space-time resonance.
Lemma 5.1. For any t P r0, T s, we have
(5.1) ||Sp|u|2uqptq||L2pRq ď 4ε0p1` tq´1`p0 ,
where S “ αtBt ` xBx.
Proof. If t “ 0, we have
||Sp|u|2uqp0q||L2pRq ď ||u0||2L8pRq||x ¨ Bu0||L2pRq
ď 2ε0.
For any t P p0, T s, we assume that
(5.2) ||Sp|u|2uqptq||L2pRq ď 4ε0p1` tq´1`p0 .
By the assumption (2.2) and Lemma 3.1, it follows easily that
||Sp|u|2uqptq||L2pRq ď ||u||2L8pRq||Suptq||L2pRq
À ε21p1` tq´1ε0p1` tq´1`p0
À ε0ε21p1` tq´2`p0
ď 2ε0p1` tq´1`p0 .
Using the bootstrap arguement, we conclude the proof of (5.1). 
Lemma 5.2. With the same assumptions in Proposition 2.1, we have, for any t P r0, T s,
(5.3) ||uptq||HN0 pRq ` ||Suptq||L2pRq À ε0p1` tqp0 .
Proof. Following basic energy estimate (2.1) and dispersive estimate (3.1), for any t P
r0, T s, we have
||uptq||HN0 pRq À ||u0||HN0 pRq `
ż t
0
||upsq||HN0 ||upsq||2L8ds
À ε0 `
ż t
0
ε1p1` sqp0ε21p1 ` sq´1ds
À ε0 ` ε31p1` tqp0
À ε0p1 ` tqp0 .
Note
piBt ´ p´∆qα2 qSu “ rS, iBt ´ p´∆qα2 su´ SpiBtu´ p´∆qα2 uq
“ iα|u2|u´ Sp|u|2uq.
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Therefore, we have
||Suptq||L2pRq À ||Sup0q||L2pRq `
ż t
0
|||u2|upsq||L2pRqds`
ż t
0
||Sp|u|2uqpsq||L2pRqds
À ||x ¨ Bu0||L2pRq `
ż t
0
ε31p1` sq´1`p0ds`
ż t
0
ε0p1` sq´1`p0ds
À ε0p1` tqp0 .

Lemma 5.3. With the same assumptions in Proposition 2.1, we have, for any t P r0, T s,
(5.4) sup
tě0
||x ¨ Bfptq||L2pRq À ε0p1` tqp0 .
Proof. Let fptq “ eitp´∆q
α
2 uptq, t P r0, T s and we have
eitp´∆q
α
2 Btf “ pBt ´ ip´∆qα2 qu,
Su “ eitp´∆q
α
2 px ¨ Bfq ` αteitp´∆q
α
2 pBtfq.
Therefore, it follows
||x ¨ Bfptq||L2pRq À ||Suptq||L2pRq ` t||Btf ||L2pRq
À ||Suptq||L2pRq ` t||e´itp´∆q
α
2 pu2u¯q||L2pRq
À ||Suptq||L2pRq ` t||u2u¯||L2pRq
À ε0p1` tqp0 ` ε0tp1` tq´1`p0
À ε0p1` tqp0 .

Lemma 5.4. With the same assumptions in Proposition 2.1, we have, for any t P r0, T s,
(5.5) sup
tě0
||fptq||Z À ε0.
Proof. For any t P r2m ´ 2, 2m`1s X r0, T s with m P Z`, |ξ| P r2k, 2k`1s with k P Z and
k P p´8,´5p0mq Y p5p0m,`8q,
we obtain
p1` |ξ|q10 ||Pˆkfpξ, tq||L8
ξ
ď p1` 2kq10t2´k||Pˆkf ||L2p2kq||BPˆkf ||L2 ` ||Pˆkf ||L2u 12
À ε0p1` tqp02´
|k|
2 .
As a result, ÿ
|k|ą5p0m
p1` |ξ|q10 ||Pˆkfpξ, tq||L8
ξ
À ε0p1 ` tqp0
ÿ
|k|ą5p0m
2´
|k|
2
À ε0p1 ` tq´ 32p0
À ε0.
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It remains to prove for k P r´5p0m, 5p0ms
(5.6) p1` |ξ|q10 |Pˆkfpξ, tq| À ε0,
where
fˆpξ, tq “ uˆ0pξq ´ ip2piq´2c˚
ż
R2
eitΨpξ,η,σqfˆpξ ´ ηqfˆpη ´ σq ˆ¯fpσqdηdσ.
Note that the contribution of space-time resonances lie in the points where
Ψpξ, η, σq “ BηΨpξ, η, σq “ BσΨpξ, η, σq “ 0.
Therefore, the spacetime resonance arises in pξ, η, σq P tpξ, 0, ξq, pξ, 0,´ξqu. Fortunately,
these points are not absolutely integrable in time. This is to a large extent the key of
establishing (5.6) for k P r´5p0m, 5p0ms.
To achieve this goal, we recall
Hpξ, tq “ c0c˚|ξ|2´α
ż t
0
ˇˇˇ
fˆpξ, rq
ˇˇˇ2 dr
r ` 1 , c0 “
2pi
αp1 ´ αq ,
and we have
d
dt
!
fˆpξ, tqeiHpξ,tq
)
“ ´ip2piq´2c˚eiHpξ,tq
˜
Ipξ, tq ´ c0|ξ|2´α |fˆpξ, tq|
2fˆpξ, tq
t` 1
¸
,
where
Ipξ, tq :“
ż
R2
eitΨpξ,η,σqfˆpξ ´ ηqfˆpη ´ σq ˆ¯fpσqdηdσ.
By the decomposition of frequency, one can reduce (5.6) to Lemma 5.5. Thus, we conclude
our proof of Lemma 5.4 by Lemma 5.5. 
Lemma 5.5. Assume that k P r´5p0m, 5p0ms, m P t1, 2, ¨ ¨ ¨ u, ξ P r2k, 2k`1s, and
t1 ď t2 P r2m ´ 2, 2m`1s X r0, T s. Then
ÿ
k1,k2,k3PZ
ˇˇˇ
ˇˇż t2
t1
eiHpξ,sq
«
Ik1,k2,k3pξ, sq ´ c0c˚
|ξ|2´αfˆk1pξ, sqfˆk2pξ, sq ˆ¯fk3p´ξ, sq
s` 1
ff
ds
ˇˇˇ
ˇˇ
ď ε312´p0m2´10k
`
,(5.7)
where Hpξ, sq “ c0c˚|ξ|2´α
şs
0
ˇˇˇ
fˆpξ, rq
ˇˇˇ2
dr
r`1 and c0 “ 2piαp1´αq .
We will prove Lemma 5.5 in different cases.
Lemma 5.6. The bound (5.7) holds provided that
k3 ě 1` 53p0
7
m or k1 ď ´4m.(5.8)
Proof. Using the fact that k P r´5p0m, 5p0ms, we have when k3 ě 1`53p07 m
||Ik1,k2,k3psq||L8 ď ||fˆk1psq||L8 ||fˆk2psq||L2 ||fˆk3psq||L2
À ε312´10k
`
3 22p0m2´N0pk
`
1
`k`
2
q
À ε312´m2´p0m2´10k
`
.
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If k1 ď ´4m, we get
||Ik1,k2,k3psq||L8 ď 2
k1
2 ||fˆk3psq||L2 ||fˆk1psq||L8 ||fˆk2psq||L8
À 2´2m ¨ ε12p0m2´N0k
`
3 ¨ ε12´10k
`
1 ¨ ε12´10k
`
2
À ε312´m2´p0m2´10k
`
,
where we use (4.2) and (4.4).
Moreover, using (4.9), we haveˇˇˇ
ˇˇ |ξ|2´αfˆk1pξ, sqfˆk2pξ, sq ˆ¯fk3p´ξ, sq
s` 1
ˇˇˇ
ˇˇ
À 2kp2´αq2´m “ε1p1` 210kq‰´3 ¨ 1r0,4s pmaxp|k1 ´ k|, |k1 ´ k|, |k1 ´ k|qq
À ε312´m2´p0m2´10k
`
.

Lemma 5.7. The bound (5.7) holds provided that
|k| ď 5p0m,(5.9)
k1, k2, k3 P r´4m, 53p0 ` 1
7
ms,
maxt|k1 ´ k|, |k2 ´ k|, |k3 ´ k|u ď 16.(5.10)
Proof. Indeed we will prove for any s P rt1, t2s,
(5.11)
ˇˇˇ
ˇˇIk1,k2,k3pξ, sq ´ c0 |ξ|2´αfˆk1pξ, sqfˆk2pξ, sq ˆ¯fk3p´ξ, sqs` 1
ˇˇˇ
ˇˇ À ε312´m2´p0m2´10k` ,
which implies the desired bound. Changing the variables gives
Ik1,k2,k3pξ, sq “
ż
RˆR
eisΦpξ,η,σqfˆk1pξ ` η, sqfˆk2pξ ` σ, sq ˆ¯fk3 p´ξ ´ η ´ σ, sqdηdσ,
where Φpξ, η, σq “ |ξ|α ´ |ξ ` η|α ´ |ξ ` σ|α ` |ξ ` η ` σ|α. Let l¯ denote the smallest
integer with the property that
(5.12) 22l¯ ě 2kp2´αqs´1 ě 2kp2´αq2´pm`1q.
And we have
(5.13) |Ik1,k2,k3pξ, sq| ď
k`16ÿ
l1,l2“l¯
|Jl1,l2pξ, sq| ,
where
(5.14)
Jl1,l2pξ, sq “
ż
RˆR
eisΦpξ,η,σqfˆk1pξ ` η, sqfˆk2pξ ` σ, sq ˆ¯fk3p´ξ ´ η ´ σ, sqϕpl¯ql1 pηqϕ
pl¯q
l2
pσqdηdσ
Case 1 : l1 ě maxtl2, l¯ ` 1u.
16 GLOBAL WELL-POSEDNESS OF FRACTIONAL SCHRO¨DINGER EQUATIONS
It is sufficient to show
|Jl1,l2pξ, sq| À 2´mε312´3p0m2´10k
`
.
To achieve this goal, we will integrate by parts with respect to η in the formula
(5.14). Note that
|BηΦpξ, η, σq| “ α |sgnpξ ` η ` σq| |ξ ` η ` σ|α´1 ´ |ξ ` η|α´1 |sgnpξ ` ηq|(5.15)
Á 2l22kpα´2q,(5.16)
where |ξ ` η| « 2k, |ξ ` η ` σ| « 2k, |σ| « 2l2 .
Then we have
|Jl1,l2pξ, sq| ď |Jl1,l2,1pξ, sq| ` |Fl1,l2,1pξ, sq| ` |Gl1,l2,1pξ, sq| ,
where
Jl1,l2,1pξ, sq “
ż
R2
eisΦpξ,η,σqfˆk1pξ ` η, sqfˆk2pξ ` σ, sq ˆ¯fk3p´ξ ´ η ´ σ, sqpBηm1qpη, σqdηdσ
Fl1,l2,1pξ, sq “
ż
R2
eisΦpξ,η,σqBfˆk1pξ ` η, sqfˆk2pξ ` σ, sq ˆ¯fk3p´ξ ´ η ´ σ, sqm1pη, σqdηdσ
(5.17)
Gl1,l2,1pξ, sq “
ż
R2
eisΦpξ,η,σqfˆk1pξ ` η, sqfˆk2pξ ` σ, sqB ˆ¯fk3p´ξ ´ η ´ σ, sqm1pη, σqdηdσ
and
m1pη, σq “
ϕ
pl¯q
l1
pηqϕl2pσq
sBηΦpξ, η, σq ϕrk1´2,k1`2spξ ` ηqϕrk3´2,k3`2spξ ` η ` σq.
To estimate Fl1,l2,1pξ, sq, we first write
bˆpηq “ e´is|ξ`η|αBfˆk1pξ ` η, sq,
gˆpσq “ e´is|ξ`σ|α fˆk2pξ ` σ, sqϕp
σ
2l2`4
q,
hˆp´η ´ σq “ eis|ξ`η`σ|α ˆ¯fk3p´ξ ´ η ´ σ, sqϕp
´η ´ σ
2l2`4
q.
Use (4.2), (4.10),(4.11), we have
||b||L2 À ε12´k2p0m,
||g||L8 À ε12´m2 ,
||h||L2 À ε12
l2
2 2´10k
`
.
It is easy to verify, comparing with (5.15), that m1 satisfies the stronger estimate
(5.18) |Bηm1pη, σq| À p2´m2´l22kp2´αqq2´l11r0,2l1`4sp|η|q1r2l2´4,2l2`4sp|σ|q.
Therefore, we get
||F´1m1||L1 À 2´m2´l22kp2´αq.
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Note that since 2´
l2
2 À 2kp 12´α4 q2´m4 and |k| ď 5p0m, we have
|Fl1,l2,1pξ, sq| À ||b||L2 ||g||L8 ||h||L2 ||F´1m1||L1
À ε12´k2p0m ¨ ε12´m2 ¨ ε12
l2
2 2´10k
` ¨ 2´m2´l22kp2´αq
À ε312´m2´p0m2´10k
`
.
Similarly, the following holds
|Gl1,l2,1pξ, sq| À ε312´m2´p0m2´10k
`
.
As for Jl1,l2,1pξ, sq, integrate by parts again with respect to η,
|Jl1,l2,1pξ, sq| ď |Jl1,l2,2pξ, sq| ` |Fl1,l2,2pξ, sq| ` |Gl1,l2,2pξ, sq| ,
where
Jl1,l2,2pξ, sq “
ż
R2
eisΦpξ,η,σqfˆk1pξ ` η, sqfˆk2pξ ` σ, sq ˆ¯fk3p´ξ ´ η ´ σ, sqpBηm2qpη, σqdηdσ
Fl1,l2,2pξ, sq “
ż
R2
eisΦpξ,η,σqBfˆk1pξ ` η, sqfˆk2pξ ` σ, sq ˆ¯fk3 p´ξ ´ η ´ σ, sqm2pη, σqdηdσ
(5.19)
Gl1,l2,2pξ, sq “
ż
R2
eisΦpξ,η,σqfˆk1pξ ` η, sqfˆk2pξ ` σ, sqB ˆ¯fk3p´ξ ´ η ´ σ, sqm2pη, σqdηdσ
and
m2pη, σq “ pBηm1qpη, σq
spBηΦqpη, σq .
Compared with m1, m2 satisfies the stronger bounds
(5.20)
|m2pη, σq| À p2´m2´l1´l22kp2´αqqp2´m2´l22kp2´αqq1r0,2l1`4sp|η|q1r2l2´4,2l2`4sp|σ|q.
(5.21)
|Bηm2pη, σq| À p2´m2´l1´l22kp2´αqqp2´m2´l22kp2´αqq2´l11r0,2l1`4sp|η|q1r2l2´4,2l2`4sp|σ|q.
Considering |k1 ´ k3| ď |k1 ´ k| ` |k3 ´ k| ď 8, we get
|Fl1,l2,2pξ, sq| ` |Gl1,l2,2pξ, sq| À ||b||L2||g||L8 ||h||L2 ||F´1m2||L1
À ε312´m2´p0m2´10k
`
.
Noticing the estimate (5.21), we could estimate Jl1,l2,2pξ, sq by
|Jl1,l2,2pξ, sq| À 2l12l2 ||fˆk1 ||L8 ||fˆk2 ||L8 ||fˆk3 ||L8 ||Bηm2||L8
À ε312l1`l22´30k
`p2´m2´l1´l22kp2´αqq2
À ε312´m2´p0m2´10k
`
.
Case 2 : l2 ě maxtl1, l¯ ` 1u.
We could get the desire estimates using the same methods as in Case 1. Therefore,
we have
|Jl1,l2pξ, sq| À 2´mε312´3p0m2´10k
`
.
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Case 3 : l1 “ l2 “ l¯.
Using the decomposition (5.13), it suffices to prove that
(5.22)
ˇˇˇ
ˇˇJl¯,l¯pξ, sq ´ c0 |ξ|2´αfˆk1pξ, sqfˆk2pξ, sq ˆ¯fk3p´ξ, sqs` 1
ˇˇˇ
ˇˇ À ε312´m2´p0m2´10k` .
By Taylor expansion, we getˇˇˇ
ˇΦpξ, η, σq ´ αpα´ 1q ησ|ξ|2´α
ˇˇˇ
ˇ À 2kpα´3q p|η| ` |σ|q3 .
Therefore, by the L8 bounds in (4.4), we haveˇˇˇ
Jl¯,l¯pξ, sq ´ J 1¯l,l¯pξ, sq
ˇˇˇ
À ||eisΦpξ,η,σq ´ e
iαpα´1qsησ
|ξ|2´α ||L8 ||fˆk1 ||L8 ||fˆk2 ||L8 ||fˆk3 ||L822l¯
À ε312m2kpα´3q25l¯2´30k
`
,(5.23)
where
(5.24)
J 1¯
l,l¯
pξ, sq “
ż
R2
e
iαpα´1qsησ
|ξ|2´α fˆk1pξ ` η, sqfˆk2pξ ` σ, sq ˆ¯fk3p´ξ ´ η ´ σ, sqϕp2´l¯ηqϕp2´l¯σqdηdσ,
and ˇˇˇ
fˆk1pξ ` η, sqfˆk2pξ ` σ, sq ˆ¯fk3p´ξ ´ η ´ σ, sq ´ fˆk1pξ, sqfˆk2pξ, sq ˆ¯fk3p´ξ, sq
ˇˇˇ
À ε312
l¯
2 2´20k`2p0m2´k,
provided |η| ` |σ| ď 2l¯`4.
Therefore, we haveˇˇˇ
ˇJ 1¯l,l¯pξ, sq ´
ż
R2
e
iαpα´1qsησ
|ξ|2´α fˆk1pξ, sqfˆk2pξ, sq ˆ¯fk3p´ξ, sqϕp2´l¯ηqϕp2´l¯σqdηdσ
ˇˇˇ
ˇ
À ε3122l¯2
l¯
2 ¨ 2´20k`2p0m2´k
À ε312´1.1m2´10k
`
,(5.25)
which follows the definition of l¯ in (5.12).
On the other hand, one can showż
R
e´ax
2´bxdx “ e b
2
4a
?
pi?
a
, a, b P C, Re a ą 0
and ż
R2
e´ixye´
x2
N2 e´
y2
N2 dxdy “ ?piN
ż
R
e´
y2
N2 e´
y2N2
4 dy
“ 2pi `OpN´1q.
Recalling also that 2l¯ « |ξ|1´α2 2´m`12 , we get
(5.26)
ˇˇˇ
ˇ
ż
R2
e
isησαpα´1q
|ξ|2´α ϕp2´l¯ηqϕp2´l¯σqdηdσ ´ 2pi 1
αp1´ αq
|ξ|2´α
s
ˇˇˇ
ˇ À 2kp2´αq2´m2´p0m.
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Using (4.7), (4.8), (4.9) and (5.26), it’s easy to obtain
|
ż
R2
e
isησαpα´1q
|ξ|2´α fˆk1pξ, sqfˆk2pξ, sq ˆ¯fk3p´ξ, sqϕp2´l¯ηqϕp2´l¯σqdηdσ(5.27)
´ c0 |ξ|
2´αfˆk1pξ, sqfˆk2pξ, sq ˆ¯fk3p´ξ, sq
s
|
À ε312´m2´10k
`
2´p0m.(5.28)
Combing (5.23), (5.25) and (5.27), we have finished the proof of (5.22). 
Lemma 5.8. The bound (5.7) holds provided that
k1, k2, k3 P
„
´ 3
8α
m,
53p0 ` 1
7
m

maxt|k1 ´ k|, |k2 ´ k|, |k3 ´ k|u ě 16,
k3 ´ k1 ě 5.(5.29)
Proof. To achieve this goal, it suffices to prove that, for any s P rt1, t2s,
|Ik1,k2,k3psq| À ε312´p0m2´10k
`
2´m.(5.30)
Consider k3 ´ k1 ě 5, and notice that
|BηΦpξ, η, σq| “ αsgnpξ ` η ` σq|ξ ` η ` σ|α´1 ´ |ξ ` η|α´1sgnpξ ` ηq
Á 2k1pα´1q,(5.31)
provided that |ξ ` η| « 2k1 , |ξ ` η ` σ| « 2k3 . We integrate by parts in η to estimate
|Ik1,k2,k3pξ, sq| ď |J1pξ, sq| ` |F1pξ, sq| ` |G1pξ, sq|,
where
J1pξ, sq “
ż
R2
eisΦpξ,η,σqfˆk1pξ ` η, sqfˆk2pξ ` σ, sq ˆ¯fk3 p´ξ ´ η ´ σ, sqpBηm3qpη, σqdηdσ
F1pξ, sq “
ż
R2
eisΦpξ,η,σqBfˆk1pξ ` η, sqfˆk2pξ ` σ, sq ˆ¯fk3 p´ξ ´ η ´ σ, sqm3pη, σqdηdσ
(5.32)
G1pξ, sq “
ż
R2
eisΦpξ,η,σqfˆk1pξ ` η, sqfˆk2pξ ` σ, sqB ˆ¯fk3p´ξ ´ η ´ σ, sqm3pη, σqdηdσ
and
m3pη, σq “ 1
sBηΦpξ, η, σqϕrk1´1,k1`1spξ ` ηqϕrk3´1,k3`1spξ ` η ` σq.
Using (5.35), it follows that
||F´1m3||L1 À 2´m2k1p1´αq,
||F´1Bηm3||L1 À 2´m2´k1α.
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Therefore, we have
|J1pξ, sq| À ε12´m2 ¨ ε12p0m2´N0k
`
3 ¨ ε12p0m2´N0k
`
2 ¨ 2´m2´k1α
À ε312´
m
2 22p0m2´N0k
`
3 2´m2´k1α
À ε312´m210k
`
2´p0m.
|F1pξ, sq| À ε12´k12p0m ¨ ε12´m2 ¨ ε12´N0k
`
3
2p0m ¨ 2´m2k1p1´αq
ÀÀ ε312´m210k
`
2´p0m,
|G1pξ, sq| À ε12´m2 ¨ ε12p0m2´N0max k
`
1
,k
`
2 ¨ ε12´k32p0m ¨ 2´m2k1p1´αq.
As a result, we get
|J2pξ, sq| ` |F2pξ, sq| ` |G2pξ, sq| À ε312´m2´p0m2´10k
`
,
if k1, k2, k3 P r´ 38αm, 53p0`17 ms and |k| ď 5p0m. 
Lemma 5.9. The bound (5.7) holds provided that
k1, k2, k3 P
„
´ 3
8α
m,
53p0 ` 1
7
m

maxt|k1 ´ k|, |k2 ´ k|, |k3 ´ k|u ě 16,
k3 ´ k1 ď 4.(5.33)
Proof. Assume that k1 ě k ` 10, and rewrite
Ik1,k2,k3pξ, sq “
ż
R2
eisΦpξ,η,σqfˆk1pξ`η, sqfˆk2pξ`σ, sq ˆ¯fk3p´ξ´η´σ, sqϕrk2´4,k2´4spσqdηdσ,
where Φpξ, η, σq “ |ξ|α ´ |ξ ` η|α ´ |ξ ` σ|α ` |ξ ` η ` σ|α. We need prove
(5.34) |Ik1,k2,k3pξ, sq| À ε312´m2´p0m2´10k
`
.
Consider k3 « k2 « k1, and notice that
|BηΦpξ, η, σq| “ α|sgnpξ ` η ` σq|ξ ` η ` σ|α´1 ´ |ξ ` η|α´1sgnpξ ` ηq|
Á 2k2pα´1q,(5.35)
provided that |ξ`η| P r2k1´2, 2k1`2s, |ξ`η`σ| P r2k3´2, 2k3`2s, and |σ| P r2k2´2, 2k2`2s.
Integrating Ik1,k2,k3 by parts in η gives
|Ik1,k2,k3pξ, sq| ď |J2pξ, sq| ` |F2pξ, sq| ` |G2pξ, sq|,
where
J2pξ, sq “
ż
R2
eisΦpξ,η,σqfˆk1pξ ` η, sqfˆk2pξ ` σ, sq ˆ¯fk3p´ξ ´ η ´ σ, sqpBηm4qpη, σqdηdσ
F2pξ, sq “
ż
R2
eisΦpξ,η,σqBfˆk1pξ ` η, sqfˆk2pξ ` σ, sq ˆ¯fk3p´ξ ´ η ´ σ, sqm4pη, σqdηdσ
(5.36)
G2pξ, sq “
ż
R2
eisΦpξ,η,σqfˆk1pξ ` η, sqfˆk2pξ ` σ, sqB ˆ¯fk3p´ξ ´ η ´ σ, sqm4pη, σqdηdσ
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and
m4pη, σq “ 1
sBηΦpξ, η, σqϕrk1´1,k1`1spξ ` ηqϕrk3´1,k3`1spξ ` η ` σqϕrk2´4,k2`4spσq.
Using (5.35), it follows that
||F´1m4||L1 À 2´m2k2p1´αq,
||F´1Bηm4||L1 À 2´m2´k2α,
Therefore, by passing to the physical space and estimating it by Minkovski-inequality,
we have
|J2pξ, sq| À ε12´m2 ¨ ε12p0m2´N0k
`
2 ¨ ε12p0m2´N0k
`
3 ¨ 2´m2´k2α
À ε312´m2p0m2´10k
`
,
|F2pξ, sq| À ε12´k12p0m ¨ ε12´m2 ¨ ε12p0m2´N0k
`
3 ¨ 2´m2k2p1´αq
À ε312´m2p0m2´10k
`
,
|G2pξ, sq| À ε12´m2 ¨ ε12p0m2´N0maxtk
`
1
,k
`
2
u ¨ ε12´k32p0m ¨ 2´m2k2p1´αq
À ε312´m2p0m2´10k
`
.
Hence, we conclude that
|J2pξ, sq| ` |F2pξ, sq| ` |G2pξ, sq| À ε312´m2´p0m2´10k
`
.
when k1, k2, k3 P r´ 38αm, 53p0`17 ms, 2k1 « 2k2 « 2k3 , and |k| ď 5p0m. 
Lemma 5.10. The bound (5.7) holds provided that
k1 P
„
´4m,´ 3
8α
m

, k1 ` k2 ď ´1.2m,
k2, k3 P
„
´4m, 53p0 ` 1
7
m

,
maxt|k1 ´ k|, |k2 ´ k|, |k3 ´ k|u ě 16.(5.37)
Proof. In fact, we have
|
ż t2
t1
eiHpξ,sqIk1,k2,k3pξ, sqds| À sup
s
2m
ż
R2
|fˆk1pξ ´ η, sq||fˆk2pη ´ σ, sq|| ˆ¯fk3 pσ, sq|dηdσ
À 2m2k1`k2 ¨ ε312´10pk
`
1
`k`
2
`k`
3
q
À ε312´10k
`
2´0.2m
and ż t2
t1
eiHpξ,sq
|ξ|2´αfˆk1pξ, sqfˆk2pξ, sq ˆ¯fk3p´ξ, sq
s` 1 ds “ 0.
Then we finish our proof of this Lemma. 
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Lemma 5.11. The bound (5.7) holds provided that
k1 P
„
´4m,´ 3
8α
m

, k1 ` k2 ě ´1.2m,
k2, k3 P
„
´4m, 53p0 ` 1
7
m

,
maxt|k1 ´ k|, |k2 ´ k|, |k3 ´ k|u ě 16.(5.38)
Proof. It suffices to proveˇˇ ż
R2ˆrt1,t2s
eiHpξ,sqeisΦpξ,η,σqfˆk1pξ ` η, sqfˆk2pξ ` σ, sq ˆ¯fk3 p´ξ ´ η ´ σ, sqdηdσds
ˇˇ
À ε312´p0m2´10k
`
,(5.39)
where
Φpξ, η, σq “ |ξ|α ´ |ξ ` η|α ´ |ξ ` σ|α ` |ξ ` η ` σ|α,
Hpξ, sq “ c0|ξ|2´α
ż s
0
|fˆpξ, rq|2 dr
r ` 1 .
Set
Mpξq “
2ÿ
j“0
Mjpξq,
where
M0pξq “
ż t2
t1
|
ż
R2
eisΦpξ,η,σqeiHpξ,sqBsr 1
Φpξ, η, σq ` BsHpξ, sq fˆk1pξ ` η, sq
fˆk2pξ ` σ, sq ˆ¯fk3 p´ξ ´ η ´ σ, sqsdηdσds,
M1pξq “|
ż
R2
eit1Φpξ,η,σqeiHpξ,t1qr 1
Φpξ, η, σq ` BsHpξ, t1q fˆk1pξ ` η, t1q
fˆk2pξ ` σ, t1q ˆ¯fk3p´ξ ´ η ´ σ, t1qsdηdσ|,
M2pξq “|
ż
R2
eit2Φpξ,η,σqeiHpξ,t2qr 1
Φpξ, η, σq ` BsHpξ, t2q fˆk1pξ ` η, t1q
fˆk2pξ ` σ, t2q ˆ¯fk3p´ξ ´ η ´ σ, t2qsdηdσ|,
Let
m5pη, σq “ 1
Φpξ, η, σq ` BsHpξ, sqϕrk1´1,k1`1spξ ` ηq
¨ ϕrk2´1,k2`1spξ ` σqϕrk3´1,k3`1spξ ` η ` σq.
Observing that
|Φpξ, η, σq| Á 2 k22 ,
|BsHpξ, sq| À ε212kp2´αq2´m2´20k
`
,
we get
||F´1m5||L1 À 2´
k2
2 .
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For j “ 1, 2, apply Lemma 4.1 with
bˆpηq “ e´itj |ξ`η|α fˆk1pξ ` η, tjq,
gˆpσq “ e´itj |ξ`σ|α fˆk2pξ ` σ, tjq,
hˆp´η ´ σq “ eitj |ξ`η`σ|α ˆ¯fk3p´ξ ´ η ´ σ, tjq.
and use (4.7)-(4.9) to conclude
Mjpξ, sq À ε12´m2 ¨ ε12´m2 ¨ ε12´m2 ¨ 2´
k2
2 ¨ 2 k22 ¨ 2 k22
À ε312
k1
2 2´
3
2
m
À ε312´m2´10k
`
2´p0m.
As for M0, define
M0pξ, sq “
ż t2
t1
3ÿ
j“0
M
j
0 pξ, sq,
where
M00 pξ, sq “|
ż
R2
eisΦpξ,η,σq
B2sHpξ, sq
pΦpξ, η, σq ` BsHpξ, sqq2 fˆk1pξ ` η, sq
fˆk2pξ ` σ, sq ˆ¯fk3p´ξ ´ η ´ σ, sqdηdσ|
M10 pξ, sq “
ˇˇˇ
ˇ
ż
R2
eisΦpξ,η,σqm5pξ, σqBsfˆk1pξ ` η, sqfˆk2pξ ` σ, sq ˆ¯fk3 p´ξ ´ η ´ σ, sqdηdσ
ˇˇˇ
ˇ
M20 pξ, sq “
ˇˇˇ
ˇ
ż
R2
eisΦpξ,η,σqm5pξ, σqfˆk1 pξ ` η, sqBsfˆk2pξ ` σ, sq ˆ¯fk3 p´ξ ´ η ´ σ, sqdηdσ
ˇˇˇ
ˇ
M30 pξ, sq “
ˇˇˇ
ˇ
ż
R2
eisΦpξ,η,σqm5pξ, σqfˆk1 pξ ` η, sqfˆk2pξ ` σ, sqBs ˆ¯fk3p´ξ ´ η ´ σ, sqdηdσ
ˇˇˇ
ˇ
Therefore, by Lemma 3.3, we have
|M10 pξ, sq| À ε123p0m2´20k
`
1 2´m ¨ ε12´m2 ¨ ε1ε12p0m2´N0k
`
3 ¨ 2´ k22
À ε312´m2´p0m2´10k
`
,(5.40)
where we need 8α ă 15. Hence, we could get the following estimates
|M20 pξ, sq| À ε312´m2´p0m2´10k
`
,(5.41)
|M30 pξ, sq| À ε312´m2´p0m2´10k
`
.(5.42)
On the other hand, we have
sup
sPrt1,t2s
|B2sHpξ, sq| À ε212p2´αqk2´20k
`
23p0m´1.5m,
Combining with (4.7)-(4.9), it follows that
|M00 pξ, sq| À ε312p2´αqk2´20k
`
23p0m´1.5m23p0m´1.5m ¨ 2k1`k2
À ε312´m2´p0m2´10k
`
,(5.43)
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for k1 P r´4m,´ 38αms, k2 P r´4m, 53p0`17 ms.
In view of (5.40)-(5.43), we complete the proof of this Lemma. 
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